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ABSTRACT

Usingtherecentlyproposedmeasureofnonlinearity(MoN),theauthorstrytofindthemagnitudeof
nonlinearityforpassivetargettrackingwithbearings-onlymeasurementsinunderwaterenvironment.
Themethodderivedtomeasurethenonlinearityiscompletelybasedonthestatecovariancematrices
ofthefilters.ItistriedtofindtheallowablemagnitudeofnonlinearityintermsofMoNwithwhich
afiltercanperformtoestimatethetargetmotionparameterswithrequiredaccuracy.Inthispaper,
MoNvaluesfordifferentfiltersarecomputedfordifferentscenarios.ResultsobtainedintheMonte
Carlosimulationarepresented.
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1. INTROdUCTION

Anonlinearproblem inanyarea isgenerallydifficult to address thana linearproblem,and the
complicationincreaseswithanincreaseinsystemnonlinearity.Althoughitisusuallynotdifficult
toascertainifasystemislinearornonlinear,simplyknowingthatthesystemisnonlinearisnot
enough.Itisprudenttoknowhowmuchnonlinearthesystemis,i.e.,tomeasurethenonlinearityof
aproblem.Suchquantitativeinformationabouttheproblemrevealstherootofthedifficultyinherent
indealingwiththeproblem,especiallywhencomparingdifferentprocesses.

Thecalculationofthenonlinearityofthesystemisasfollows.Forsimplicity,anonlinearfunction
isapproximatedbasedonanequivalentlinearfunction,asshowninFigure1.Letg x( ) beanonlinear
functionboundedinadomainwithlimits x y

l l
,( ) and x y

u u
,( ) ,andalinearfunction f x( ) .The

nonlinearityinthefunctioncorrespondingtothestraightlineiscalculatedasthedifferenceofg x( ) 
from f x( ) andisg x f x( )− ( ) .Simplycalculatingthedifferencemaymakeazero-averageofthe
differencebetweenthem(Emancipator&Kroll,1993).So,thedifferenceissquared,averaged,square
rooted (RootMeanSquared), and thenminimalvaluesof thedifferenceare calculated.But this
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techniquefailsifthenonlinearityinthesystemishighenough.Henceanappropriatemeasureis
neededtodefinenonlinearitylevelsinasystem.

Consideringtheabove-saidmethodasabasis,foranoverallsystem,theresearchersdeveloped
variousmethodstomeasurenonlinearity.NonlinearfunctionsaregenerallylinearisedusingTaylor
seriesexpansion.Beale’spioneeringwork(Beale,1960)wasthemeasurementofnonlinearityin
termsofthedeviationofnonlinearfunctionfromthelinearfunctiondevelopedusingTaylorseries
expansion.D.M.Batesetal.introducedamethodtomeasurenonlinearityusingrelativecurvatures
(Bates&Watts,1980),andJ.Duniketal.(2016)carriedoutadetailedsurveyonnonlinearityusingD.
M.Batesmethod.Lietal.(2019)constructedacombinednonlinearfunctionusingthetimeevolution
andmeasurementfunctionsinafilteringproblem.M.Mallicketal.,(2019)andX.R.Lietal.,(2011)
furthercontinuedtheresearchonMoN.Theirworkrepresentsameasureofthemeansquaredistance
betweenthegivennonlinearsystemandasubsetofalllinearsystemsinafunctionalspace.

Similarmethodsformeasurementofnonlinearityareproposedin(Buccietal.,2001;Li,2012)
fordifferentapplications.Usualmethodsformeasuringnonlinearitycanbebroadlyclassifiedas
follows.1.Ageneralmeasurementofnonlinearityfunctionbyitsdivergencefromthelinearfunction.
2.Aspecificmeasureofnonlinearitybyusingthebendinthenonlinearfunctionatsomereference
point(Liu&Li,2015).

ThemethodsusedtomeasurethenonlinearityarecommonlyknownasMeasureofNonlinearity
(MoN).Sultanaetal.(2019)andX.R.Lietal.(2011)introducedanMoNcalculationbasedonthe
statecovariancematrixgeneratedinthefilteringalgorithm.Workontheseconceptscontinuedand
extendedtobearings-onlytracking(BOT)andgroundmovingtargetsusingUKFandPFin(Sultana
etal.,2019).Theauthorsaremotivatedbytheworkpresentedin(Bates&Watts,1980;Duniketal.,
2016;Li,2012;Sultanaetal.,2019)toapplyMoNforBOTinpassivemodeforunderwatertarget
trackingusingmeasurementsfromtwodifferentsensorarrays.

MoNofthesystemhelpsindeterminingtheperformanceoftheestimator,i.e.,theextentof
nonlinearityforwhichafiltercanperformwithacceptableerrorinestimatedtargetparameters.In
BOT,thenonlinearityoftheprocessmaychangewithchangeintheobserverortargetcourseor
speed.ThisresearchcalculatesthenonlinearityinBOTwithdifferenttargetcoursesfordifferent
filteringalgorithms.Forthesamescenario,MoNmaydifferwithdifferentfilteringalgorithmsas
MoNcalculationiscompletelybasedonthestatecovariancematricesgeneratedbytherespective
algorithms.FilterwithatransformedorlinearizedmeasurementmodelmayhavelowerMoNthana
filterusingthemeasurementmodelwithoutanymodification.

Figure 1. Sample of quantitative measure of nonlinearity
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Inanunderwaterscenario,BOTinpassivemodeiswidelyused.Thesignalsradiatedfromthe
targetareconvertedintobearingmeasurementstofindthetargetpath.Thesesignalscanbemachinery
noisefromatargetandaredetectedbyanincreaseinenergyaboveambientatacertainbearing.
TrackingatargetusingonlybearingmeasurementsiscalledBOT,andliteratureofBOTisavailable
since1979(Aidala,1979).Ingeneral,the2DCartesianstatevectorisusedinfindingtheposition
andvelocityofatarget.Measurementsarepresumedtobeavailablecontinuouslyforeverysecond.
Underwaterobservercontains,ingeneral,singlesonar,andhenceobservercarriesout‘S’maneuver
tomaketheprocessobservable(Zhangetal.,2017;Zhuetal.,2012).Thebearingmeasurements
arenonlinearlyrelatedtothetargetstatevector(Simon,2006),andthe‘S’maneuverisalwaysnot
suitable.Properchangeinbearingrateisenoughfortheprocesstobeobservable.So,theobserveris
recommendedtofollowcertainmaneuverstoachievethebearingratemakingtheprocessobservable
(KoteswaraRao,2005;KoteswaraRao,2018).

Toeliminatethedivergenceinsolutionandtoimprovethestateestimationaccuracy,several
filteringalgorithmsareinuse(Karthikeyanetal.,2019;Paul&Raja,2017;PraveenSundaretal.,
2020;Umamaheswaran et al., 2019;Velliangiri et al., 2020;VinothKumar et al., 2019;Vinoth
Kumaretal.,2020).researchersdevelopedseveraltechniqueswithadifferenceinapplicabilityand
computationalcomplexity(e.g.,ExtendedKalmanFilter(EKF),UnscentedKalmanFilter(UKF),
andParticleFilter(PF)weredeveloped.Forexample,inEKF,thenonlinearityinprocessisreduced
bylinearizingthesystemnonlinearitiesbyusingTaylorseriesexpansions.Itisasub-optimalfilter
forthesystemswithlowlevelsofnonlinearity.OtherfilterslikeUKFandPFusethedeterministic
resamplingmethodfortargetstateestimation.Hence,theMoNcalculateddiffersforthesamescenario
withdifferentfilteringalgorithms.

Inthisresearchpaper,theauthorswouldliketoextendtheMoNanalysisforBOTwithbearings-
onlymeasurementsforvariousscenarios,usingthreedifferentfilterings(KoteswaraRao,2005;Simon,
2006)algorithms,EKF,modifiedgainbearings-onlyextendedKalmanfilter(MGBEKF)andUKF.
Themaximum/minimumnonlinearitywithwhichafiltercanperformwellandprovideconsistent
resultsisanalyzedfortheBOTapplication.TheMoNvaluesatthesampleswherethesolutionis
obtainedareanalyzedforseveralscenarios,andthesameisexplainedindetailinSection3ofthe
paper.ThecomplexityinthecomputationofPFishigherthanotherfilters,soitisnotconsidered
inthispaper.Theconvergenceanalysisoftheestimatedmotionparametersofthetargetispresented
usingrootmeansquarederrors.

MathematicalmodelingofstateandmeasurementmodelsforBOTandMoNarerepresented
in Section 2. Section 3 is about the scenarios, acceptance criteria of the solution, simulation,
and results obtained. Analyzation of MoN concerning different filtering (Koteswara Rao, 2005;
Panigrahi&Bhuyan,2017;Simon,2006)algorithmsfortheBOTfilteringprocessisalsopresented.
Discussionsontheresultsobtainedandtheinferencesmadefromresultsaregiveninsection3.The
paperisconcludedinsection4.Thesponsoredprojectunderwhichtheresearchisbeingcarriedis
acknowledgedinsection5.

2. STATe ANd MeASUReMeNT MOdeLS

2.1. Bearings-Only Tracking
Considertheobserverisatorigininitially,andthetargetfollowspersistencespeedandcourse.Target
andobservermovementsareshowninFigure2.

Theobserverstatevectorattimeinstant‘τ ’(Aidala,1979;Zhangetal.,2017)isgivenas:

S v v r r
o xo yo xo yo

T

τ τ τ τ τ( ) = ( ) ( ) ( ) ( )



  (1)
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Herev
xo
τ( ) ,v

yo
τ( ) ,r

xo
τ( ) ,r

yo
τ( ) arethespeedsandrangesoftheobserverinx andy 

coordinatesrespectively.Thechangeintheobserverpositionisobtainedfromitscourseand
speedas:

dr v ocr t
xo xo
τ τ( ) = ( ) ( )sin  (2)

dr v ocr t
yo yo
τ τ( ) = ( ) ( )cos  (3)

Heredr dr
xo yo
τ τ( ) ( ), arethechangeinx andy coordinatesofobserverandocr istheobserver

courseandtisonesecond.
Similarly,thetargetstatevectorisgivenas:

S v v r r
t xt yt xt yt

T

τ τ τ τ τ( ) = ( ) ( ) ( ) ( )



  (4)

Here v
xt
τ( ) , vyt τ( ) , rxt τ( ) , ryt τ( )  represent target’s speedand rangevalues in x  and y 

coordinatesrespectively.Changeintargetpositionisobtainedfromitscourseandspeedas:

dr v tcr t
xt xt
τ τ( ) = ( ) ( )sin  (5)

dr v tcr t
yt yt
τ τ( ) = ( ) ( )cos  (6)

Heredr dr
xt yt
τ τ( ) ( ), arethechangeinx andy coordinatesofthetarget,andtcr isthecourse

ofthetarget,andtisthetimeofonesecond.Thetarget’srelativestatevector(Jonesetal.,2011;
Simon,2006;Zhuetal.,2012)isasfollows:

S v v r r
s x y x y

T

τ τ τ τ τ( ) = ( ) ( ) ( ) ( )



  (7)

Figure 2. Target and observer moments using bearings-only measurements
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Herev
x
τ( ) ,vy τ( ) ,rx τ( ) ,ry τ( ) arerelativevaluesofspeedandrangeinx andy coordinates

respectively.
Therelativestatevectorforthenexttimebasedonthepresenttimestatevectorisgivenas:

S A S b C
s s
τ τ τ τ ω τ+( ) = ( ) ( )+ +( )+ ( )1 1  (8)

HereA τ( ) isthesystemdynamicsmatrixgivenas:

A
t

t

τ( ) =

























1 0 0 0

0 1 0 0

0 1 0

0 0 1

 (9)
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andC τ( ) istheprocessnoise,andωisgivenas:

ω =
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 (11)

Thecovarianceoftheprocessnoiseisgivenas:

Q E C C
T

τ ω τ ω τ( ) = ( )( ) ( )( )










 (12)
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 (13)

Hereσ2 isthevarianceoftheprocessnoise.
Themeasurementequationforthisapplicationhasonlybearingangles,andthebearingangle

β τ( ) isgivenas:
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β τ τ τ( ) = ( ) ( )( )−tan /1 r r
x y

 (14)

Thebearingmeasurementisalwaysdegradedwithnoise.So,themeasuredbearingisgivenas:

β τ β τ η τ
m ( ) = ( )+ ( )  (15)

Here η τ( )  is the noise in the measurement. Here zero-mean additive process noise and
measurementnoiseareconsidered.Thesystemmeasurementequationisgivenas:

M h S
s

τ τ τ γ τ( ) = ( ) ( )+ ( )  (16)

Here h τ( ) matrixgives therelationbetweenmeasurementandstateof thesystem,and the
measurementnoisematrix is representedby γ τ( ) .ForBOTusingmeasurements fromasingle
sensorarray, γ τ( ) isequalto η τ( ) asM τ( ) isasinglemeasurement:

h R Rτ β τ β τ( ) = ( ) − ( )



0 0 cos / sin /  (17)

γ τ( ) isthemeasurementnoiseandissameas η τ( ) ,andR istherangeofthetargetfromthe
observer,givenasfollows:

R r r
x y

= ( )( ) + ( )( )τ τ
2 2

 (18)

Measure of Nonlinearity
MahendraMallicketal.(2019)presentedanewMoNfordiscrete-timenonlinearfilteringproblemthat
determinesthedeviationfromlinearity.Theycombinednonlinearfunctionusingthetimeevolution
andmeasurementfunctionsinafilteringproblem.ThisMoNrepresentsameasureofthemeansquare
distancebetweenthegivennonlinearsystemandsubspaceofalllinearsystemsinafunctionalspace.

Equations(8)and(16)describethediscrete-timedynamicandmeasurementmodelsforEKF,
UKF,andMGBEKF(KoteswaraRao,2005;Simon,2006).TheMoNisanalyzedbyconsidering
thepredictionandupdatecycleofthefilteringalgorithmduringeachtimeinterval.FortheBOT
application,thefunctionalspacethatcontainsallthelinearandnon-linearfunctionsistakenasz(τ).
ThenonlinearityinBOTexistswiththebearingmeasurement,whichistangentiallyrelatedtothe
parameterstakeninthetargetstatevector.So,thestatevectorisalinearequationinfourvariables,
andthemeasurementvectorisanon-linearfunctioninonevariable.Hencethetotalfunctionalspace
istakenasacombinationoftargetstateandmeasurementvectors.ToanalyzeMoN,(8)and(16)are
combinedtoformasingleequation:

�z
S

M
Sτ
τ

τ
+( ) =

+( )
+( )

















1
1

1
= +( )( )+ +( )+ +( )q S N B

S
τ τ τ1 1 1  (19)
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Here:

q S
A S

h SS
S
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τ
τ τ

τ τ
+( )( ) = ( ) ( )
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1  (20)
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Substituting(20),(21)and(22)in(19), z τ +( )1 canbewrittenasfollows:

z
A S

h S

C bS

S

τ
τ τ

τ τ

ω τ

γ τ
τ

+( ) = ( ) ( )
( ) ( )















+

( )
( )
















+1
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0
 (23)

From(23),itcanbesaidthat z τ( ) islinearinN τ( ) andB τ( ) butnonlinearinS
S
τ( ) .The

ideaofmeasuringthedeviationofthenonlinearfunctionS
S
τ( ) fromthebestsuitedlinearfunction

isconsideredfrom(Sultanaetal.,2019)asfollows.
LetusconsiderafunctionalspaceF thatgivesasetofalllinearandnonlinearfunctionsofa

randomvariablexwithaspecifieddistribution.Nowdividethefunctionalspaceintotwosetssuch
thatonesetcontainsalllinearfunctions, andothercontainsallnonlinearfunctions, .Assume
anonlinearfunctionq τ( ) thatbelongsto .TheMoNisthedeviationofq τ( ) fromlinearfunctions
set andnotfromasinglepointin .Thisisdonebycalculatingdistancesfromq τ( ) toevery
singlepointinL�andevaluatingthelowerboundonthedistances.

ConsiderJ astheshortestdistancebetweenanytwopoints,say f1 and f 2 ,inF .J thatsuits
therandomnatureoftargetparametersisgivenasfollows:

J f f E f x f x
1 2 1 2 2

2
1 2

,
/

( ) = ( )− ( )



( )� �  (24)

Expressiontofindtheclosenessbetweenq τ( ) and using(24)canbegivenasin(25):

J J l q E l x q x
l lτ τ τ τ ττ τ= ( ) ( )( )




= ( )− ( )( )

( ) ( )
inf ,
ε εL L

inf � �
2
2
11 2/

 (25)

Letl bethesetofalllinearfunctionsl x mx n( ) = + withdimensionasthatofqτ .J τ represents
theun-normalizedMoN.IntheBOTapplication,tilltheprocessbecomesobservable,theerrorin
thetargetstateestimatedparameterswouldbeveryhigh.AsalltheMoNvaluesarecalculatedbased
onthetargetstatecovariancematrix,theMoNvalueswillbetoolarge,andhencetheyarenormalized
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torelatethemwiththeMoNvaluesatthetimewhentheprocessbecomesobservable.Thenormalized
versionofJ τ isdefinedasfollows:

V J tr P
qτ τ τ

= ( )





( )/
/1 2

 (26)

HereP
q τ( ) isthecovariancematrixofq xτ ( ) .Substitutingforl x mx n( ) = + inequation(32)

anddifferentiatingwithm andn ,theun-normalizedMoNisobtainedasfollows:

� ’J tr P P P P
q qx x qx

= −( )





−1
1

2  (27)

NormalizedMoN,J isgivenas:

V tr P P P tr P
qS qS qτ τ τ= − ( )( ) ( )−

−1
1
1
|

' /  (28)

HereP
q

isthecovariancematrixofq ,Pτ τ| −1 isthecovarianceofS
S

,andP
qS

isthecovariance
of   q andS

S
.

3. SIMULATION ANd ReSULTS

ThisresearchpaperassessesMoNforthreealgorithms,EKF,UKF,andMGBEKF(KoteswaraRao,
2005;Simon,2006),byimplementinginMATLABPCenvironment.Themeasurementsareassumed
tobeavailablecontinuouslyforeverysecond.Thetargetisassumedtobehavingadifferentinitial
courseindifferentscenarios,whicharegiveninTable1.Scenariowithaninitialbearingof20ois
likethescenariowithaninitialbearingof0oturnedby20o.Hencethebearingvalueisalltaken
as0oforsimplicity.TheMoNvalueschangewithchangeincourseorspeedorrangeofatarget.
InBOTunderwaterapplications,thespeedsofthesubmarinesaregenerallymaintainedconstantly

Table 1. Scenarios

Scenario number Initial Range 
(m)

Initial Bearing 
(deg)

Target Speed 
(m/s)

Observer Speed 
(m/s)

Target Course 
(deg)

1 3000 0 12 8 100

2 3000 0 12 8 110

3 3000 0 12 8 135

4 3000 0 12 8 140

5 3000 0 12 8 145

6 3000 0 12 8 148

7 3000 0 12 8 155

8 3000 0 12 8 163

9 3000 0 12 8 170
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andatlowerspeeds.Ifthespeedismoreorincreasing,thenthevehiclecanbeeasilyidentifiedand
tracked.So,amoregeneralizedspeedoftargetandobserverareconsideredonlywithdifferenttarget
courses.Thesameprocesscanalsobeanalyzedwithdifferenttargetspeeds.

Theobserverismaneuveringinitscoursebasedonthemaneuverrecommendedfortheobserver
in (Koteswara Rao, 2018). In theBOTapplication, only one type ofmeasurement, i.e., bearing
anglesareavailable,andtheparameterstobefoundarefour(rangeinxandycoordinates,speed
inxandycoordinates).So,tomaketheprocessobservable,theremustbeaconsiderablechangein
bearingrate.Inthisprocess,theobservermustmakeamaneuverthatincreasesthebearingratetoa
considerableamountsothattheprocessbecomesobservablemuchfaster.ForBOTusingmaneuver
recommendation,theobserverfirstfollowsaninitiallineofsightdirectionfortwominutes.Now,the
sideonwhichthetargetispresentconcerningobserverisdeterminedandtheobserverturnstomove
ontheoppositeside,i.e.,ifthetargetisontherightsideoftheobserver,thentheobserverhastoturn
leftsideperpendiculartothelineofsightfortwominutes.Thefurthermaneuveroftheobserveris
basedontheangleonthetargetbow.Ifangleontargetbowislessthan5o,thenthesamecourseof
theobserverisfollowed,iftheangleontargetbowisbetween5oto45othenthefamousS-maneuver
isfollowed,andifangleontargetbowisgreaterthan45o,theobserverfollowsL–maneuver.The
noiseinmeasurementsisassumedtofollowGaussiandistributionandisadditiveinnature.

Thetargetstatevector’sinitialestimatefortheimplementationofalgorithmsistakenas:

S
s m m

T

0 0 5 5 5000 5000/ sin cos( ) = 

β β  (29)

Thetargetvelocitiesareeachassumedas5m/s.Thetarget’sinitialpositioniscalculatedbased
ontheSonarRangeoftheDay(SRD),whichisassumedtobe5000m.Theinitialstatecovariance
matrixcanbetakenasadiagonalmatrixiftheuniformdistributionoftheinitialstateestimateis
consideredandisgivenasineq.(30).Thenoiseinmeasurementsisassumedtohaveastandard
deviationof0.33degrees:

P diagonal

v

v

r

r

x

y

x

y

0 0

4 0 0 12

4 0 0 12

4 0 0 12

4 0 0

2

2

2

2

,

, /

, /

, /

,

( ) =
( )
( )
( )
(( )























/ 12

 (30)

Monte-Carlo simulation (100 runs) is performed for the above-mentioned scenarios using
MATLAB(Zhuetal.,2012)forallalgorithms.Theerrorintheestimatedtargetparametersmustbe
withinthevicinityrangeoftheweaponthathastobefiredontothetarget.Theacceptancecriteria
arechosenbasedonthegeneraltorpedohomingzonevalues(astheapplicationisanunderwater
scenario)andareevaluatedinaccordancewiththetruevaluescalculatedforthescenariosdesigned.
Thesolutionissaidtobeobtainedonlywhentheerrorintheestimatedtargetparametersislessthan
thegivenvaluesinacceptancecriteria.Oncethesolutionisobtained,theestimatedtargetparameters
canbeusedtoreleasetorpedoontothetarget.

The performance is assessed based on the Root-Mean-Squared (RMS) error of the target
parameters,andthesolutionisobtainedbasedonthecriteriaofacceptancefor100Monte-Carlo
runsexplainedbelow.

Letthecriteriontoacceptthesolutionis:

Errorinrangeestimate<=2.66%ofthetruerange
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Errorincourseestimate<=1° 
Errorinspeedestimate<=0.33m/s

Table2givestheconvergencetimingsinsecondsfordifferentalgorithms.Differentparameters
inanalyzingthetargetmotionareestimatedwithanacceptableerroratdifferenttimes.Theoverall
timetoestimateallparametersisthetotalconvergencetime.Thetargetandobservermovementsfor
scenario9usingmaneuverrecommendationwiththeEKFalgorithmisshowninFigure3.Itcanbe
seenfromFigure3thattheobserverfollowsmaneuverrecommendationandtheestimatedtargetpath
isnearertothesimulatedtruetargetpath,i.e.,thesolutionisconvergedfaster.

Table 2. Total convergence timings of algorithms in seconds

Filter Scenario Number
Target Parameter

Range Course Speed Total Convergence Time

EKF

1 NC NC NC NC

2 NC NC NC NC

3 NC NC NC NC

4 NC 684 NC NC

5 NC NC NC NC

6 NC NC NC NC

7 587 568 421 587

8 202 163 244 244

9 212 149 254 254

MGBEKF

1 259 270 279 279

2 257 265 281 281

3 216 204 249 249

4 207 195 244 244

5 201 188 232 232

6 197 185 226 226

7 190 169 216 216

8 184 156 203 203

9 172 144 194 194

UKF

1 NC 738 NC NC

2 253 252 278 278

3 216 199 249 249

4 212 190 246 246

5 203 186 238 238

6 200 183 231 231

7 192 169 217 217

8 188 157 211 211

9 198 146 223 223

NC: No Convergence



International Journal of e-Collaboration
Volume 17 • Issue 3 • July-September 2021

56

3.1. MoN of eKF
It isaknownfact thatEKFisunstableandasuboptimalnonlinearfilter.TheMoNfordifferent
scenariosusingbearingmeasurementsiscalculated,andthefollowingobservationsaremade.MoN
valuesformostofthescenariosstartfromlowvaluesandgraduallyincreasestoamaximumvalue,
whichthendecreasesgraduallyasshowninFigure4.ThesolutionisobtainedwhentheMoNdecreases
afterreachingitsmaximumMoNvalue.ItcanbeobservedfromTable3datathatthesolutionis
obtainedforthescenarioswithmaximumMoNvaluesgreaterthan23.Forscenarios1to6,theMoN
valuesarelessthan23andthesolutionisnotobtained.

Table3givestheMoNvaluesatconvergencetimesoftargetparameters.Thenonlinearityinthe
processisincreasingwithanincreaseinthetargetcourseangle.Forallthetargetparameters,MoN
valuesareincreasingwithanincreaseinthetargetcourse.

Figure 3. Target and observer moments using EKF for scenario 9

Figure 4. MoN values of EKF
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3.2. MoN of MGBeKF
MGBEKFisastabilizedformofEKFi.e., thegain inEKFismodified toattainstability in the
estimationprocess.MoNvalueswithMGBEKFforall scenariosareshown inFigure5and the
maximumMoNvalueincreasingwithanincreaseinthetargetcourse.ThemaximumMoNvalues
forMGBEKF,toobtainasolution,wereobservedtobelessthan60.Thesamecanbeseenfromthe
graphplottedinFigure5.ItcanbeobservedfromTable4thatsolutionconvergenceisobtainedfor
targetparametersaftertheMoNreacheditsmaximumvalue.

3.3. MoN of UKF
FortheUKFalgorithm,thesolutionwasobtainedforthescenarioswithmaximumMoNvaluesless
than0.01andgreaterthan1.9E-04.IfthemaximumMoNvalueisgreaterthan0.01,thenthealgorithm
doesnotgiveaconsistentsolution.UKFusesUnscentedtransformtoreducethenonlinearityinthe
process.Forthisreason,theMoNvaluesareverylowascomparedtootherfilteringalgorithms.For

Table 3. Normalized MoN values of EKF at different time samples

Scenario number RCT MoN CCT MoN SCT MoN Time Maximum MoN

1 NC - NC - NC - 5 13.22

2 NC - NC - NC - 7 13.22

3 NC - NC - NC - 166 14.67

4 NC - 684 0.79 NC - 166 16.54

5 NC - NC - NC - 162 18.63

6 NC - NC - NC - 160 20.07

7 587 1.36 568 1.43 421 0.67 157 24.31

8 202 7.35 163 29.37 244 2.59 155 31.28

9 212 11.01 149 38.47 254 3.41 154 40.12

RCT–RangeConvergenceTime

CCT–CourseConvergenceTime

SCT–SpeedConvergenceTime

Figure 5. MoN values of MGBEKF
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thescenariosrepresentedinthispaper,theMoNvaluesareasshowedinFigure6.UnlikeEKFand
MEBEKF,thesolutionforUKFisobtainedbeforetheMoNreachesitsmaximumvalue(Table5).

3.4. discussion
Fromtheabovegraphsanddata,itcanbeobservedthatthesolutionconvergenceisobtainedafterthe
maximumMoNisreachedforEKFandMGBEKF.WithEKF,themaximumMoNvalueshastobe
greaterthan23toobtainasolutionwithintheacceptancecriteriaforBOTusingobservermaneuver
recommendation.Similarly,withMGBEKF,themaximumMoNvaluesaresupposedtobelessthan
60forsolutionconvergence.Thenonlinearityintheprocessishighforthescenariosevaluatedusing
EKFthanMGBEKFasMGBEKFisstabilisedversionofEKF.WithUKF,thenonlinearityvaluesare
toolowasthealgorithmcompletelytransformsthenonlinearfunctiontoaprobabilitydistributionof

Table 4. Normalized MoN values of MGBEKF at different time samples

Scenario number RCT MoN CCT MoN SCT MoN Time Maximum MoN

1 259 3.79 270 3.09 279 2.56 145 9.89

2 257 4.97 265 4.41 281 3.42 153 10.1

3 216 8.09 204 9.95 249 4.21 162 15.9

4 207 9.65 195 12.05 244 4.53 160 17.5

5 201 10.96 188 13.83 232 5.77 157 19.4

6 197 12.03 185 14.99 226 6.51 155 20.7

7 190 14.57 169 21.17 216 8.11 154 24.1

8 184 17.94 156 29.31 203 10.67 154 29.4

9 172 28.04 144 32.23 194 13.43 155 37.4

RCT–RangeConvergenceTime

CCT–CourseConvergenceTime

SCT–SpeedConvergenceTime

Figure 6. MoN values of UKF
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afinitesetofstatisticswhosemean,andcovarianceisequaltothatofthenonlinearfunction.UKF
givesoptimizedresultsforBOTwithMoNbetween1.9E-04and0.01.

4. CONCLUSION

An attempt is made to analyze the nonlinearity of the system with respect to different filtering
techniquesforunderwaterscenariosusingbearings-onlymeasurements.Theobservationsprovide
limitsofnonlinearityforwhichthefiltersprovideconsistentresultsusingbearings-onlymeasurements.
With UKF, the nonlinearity in the process is reduced by transforming the function rather than
linearizingorusingthenonlinearitiesdirectly.Thishelpsinobtainingthesolutionfasterandwith
moreaccuracy.Observationsalsoshowthatnonlinearityinthesystemincreaseswiththetargetcourse.
ItisrecommendedtouseUKFforBOTasitofferslownonlinearitywhenafewmoreseconds’extra
convergencetimeisacceptabletotheusers.
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Table 5. Normalized MoN values of UKF at different time samples

Scenario number RCT MoN CCT MoN SCT MoN Time Maximum MoN

1 NC - 738 1.00E-04 NC - 309 1.82E-04

2 253 1.37E-04 252 1.36E-04 278 1.69E-04 309 1.9E-04

3 216 2.23E-04 199 1.85E-04 249 2.68E-04 304 2.84E-04

4 212 2.51E-04 190 1.98E-04 246 2.93E-04 274 3.03E-04

5 203 2.75E-04 186 2.30E-04 238 3.20E-04 254 3.26E-04

6 200 2.99E-04 183 2.37E-04 231 3.38E-04 256 3.43E-04

7 192 3.68E-04 169 2.89E-04 217 3.94E-04 218 3.95E-04

8 188 5.02E-04 157 3.91E-04 211 4.88E-04 194 5.02E-04

9 198 6.13E-04 146 5.54E-04 223 5.29E-04 164 7.36E-04

RCT–RangeConvergenceTime

CCT–CourseConvergenceTime

SCT–SpeedConvergenceTime
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