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: In this paper, we equip the set of all prime ideals
:?ﬁaitm with : suital?le topology and call the résulting
topological space the prime spectrum. We discuss certajp,
important properties of the prime spectmm of a genera]
ADL and obtain a necessary E_m_d sufﬁc;ent condition, in
terms of prime ideals and minimal prime ideals, for 4
pseudo-complemented ADL to br:" a _Stone ADL... The
discussion on the prime spectrum in this paper facilitates
the proof of a characterization theorem for Stone ADL.’s We
study the space of prime ideals of an ADLA together withthe
Hull-Kernel topology, which is denoted by specA. It is proved

here that specA has an open base consisting of compact open
sets and that specA is compact if and only if A has a maximal
element.Also, we have obtained certain necessary and

sufficient conditions, interms of topological properties of specA,

for an ADL to be a pseudo-complemented ADL or to be a Stone
ADL.

AMS Subject Classification: 06099

Key words: Almost distributive lattice, Hausdorffspace, ldezbli..
Primeideals, Minimal prime ideals, Pseudo-complemented ADL,
Prime spectrum and relatively complemented.

Introduction

It is well known that a complemented distributive lattice 15
called a Booleanalgebra and a ring with unity, in which eVer}é
element is an idempotent, iscalled a Boolean ring. M. H. .Stona
[3] has proved that any Boolean algebra can be made int° 4]
Boolean ring and vice-versa. U. M. Swamy and G. C. .Rao-lve
have introduced the notion of an Almost DistﬂbL

thors
ty of contents of this paper rests upon the au
fot upon the Editor & Publisher.
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€ n this section, we recall certain
_ortant results from [4, 6, 7, 8], mm b rectiatcla
pistfibuted Lattice (ADL) if A4 is a non-empty aet,. o .
. .tinguished element in Aand A , v are bin | uu
o A satisfying the following axioms for any a, band ¢ m A
u)OAa=0 >
2) av0=a

3) (avb)nc=(anc)v(bnc)
@ av(brc)=(avb)a(avc)
(5) a/\(bvc)-——-(a/\b)v(a/\c)

L adr eay

6 (avb)rnb=a

Each of the axioms (1) through (6) above is independent
from others. The eclement 0 is called the zero element. In the
following we provide certain examples of ADL.

Example 2.2.Every distributive lattice bounded below is an 4
ADL in whichthe least element is the zero element.

Several ring theoretic generalizations of Boolean algebras (other
thanBoolean rings, whichw are precisely Boolean algebras) can
% made as ADL's.One such is the following.

—

—————
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Fm' any Boolean algebra B, the Boolean _—
is called the Stone space of B or the sg cctrum

2.5. For any subsetX of an ADL (4

(x ?a.-;{[\:rxi]A an20,x;e Xand a e A}

Corollary2.6. Let! be anideal of an ADL A and a€ A such
that a gl . Then there exists a prime ideal P of A such that

IcP andag P.

Theorem2.7.The following are equivalent to each other Jfor any
prime ideal P of an ADL A

(1) P is a minimal prime ideal of A
(2) A—P is a maximal filter of A
(3) Forany ac P,a &P

Theorem2.8. The following are equivalent to each other for any
ADL A .

(1) Ais weakly pseudo-complemented.

2) Aisa Pseudo-complemented lattice.




of.Foranyacd, define X, ~(P< X :aeP}.

B e gy

First note that, since A is non-trivial, X is a non-empty set. The
proo f of the following is a straight forward verification. Here
after, throughout t.he remaining part of this paper, by an ADL
we :nean a nontrivial ADL only; for, then only prime ideals

Theorem3.2.Let X be the set of prime ideals of an ADLA .
Then the following holds for any aandbeA.

(1) X,=¢g=a=0

(2) X, =X <>ais maximal

3 X,NX,=X,,,

@ X,UX,=X_,

(5) X, =X,<>albs(a]=(8]

(6) For any St
|Jx. ={Pex:SeP}={PcX(S]2P}|, where (S]is
seS

the ideal generated by S in A
By 3.2(3), it follows that the class of all X ;S acA forms a

base for a topology on X .

Definition 3.3.Let X be the set of all prime ideals of an ADL A
The topology on X for which {X oE aeA} is a base is called
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| - s open eete in spec A are
ux, -{PaspecA IZP} for somg |

cal
M—Kernel topology is justified by the follnm

3.4.Let A be an ADL and X =specA . for anyy

W#' Y be defined by K(Y) prP and

the hull of B be defined by h(B)={Pe X:BcP)

for any B m

then for
YcX, the topological closure in spec A is precisely h( K(Y))
Jhull of the kernel of the Y .

Proof: Let Y — X . First note that h(B):h((B])-_.X_X«B])

and hence h(B) is closed in X for all B 4. In particular,

h(K(Y)) is closed in X and Yc:h(K(Y)) On the other hand,
suppose that F is a closed subset of X such that YCF .
Then F—X(I) for some ideal / of A4and YﬂX(1)=¢ .

Therefore / c P for all PcY which implies that / gK(Y) .
Therefore X(I)ﬂh(K(Y)) and hence

h(K(Y))CX X(I) F . Thus h(k(Y)) is closure of ¥ in X.

IS, Let A be.an ADL, X =specdand Y X . Then ¥

is a compact open subset of X if and only if Y =X, for some
ac4 .

h llary3.6. For any ae 4 | X, is a compact open subset of J



Definition3.9.An ADLA=(A,A,v,0) is said to be

complemented if for any x,a in Awith x<a , there m&
y€A such that xAy=0 and xv y=a . (That is, the interval

[0, a] is a complemented lattice for all ae 4 ).

Theorem 3.10. The following are equivalent to each other for
any ADL A .

(1) Ais relatively complemented.

(2) Forany a and b in Awith a<b , the interval [a,b] is
complemented.

(3) For any a and bin A, there exists x€A such that

anx=0 and avx=avh .

Proof.(1) = (2):

Let a and be Aanda<b. Let xe[a,b]; thatis, a<x<b . By
(1), there exists y€ A4 such that xAy=0and xvy=5 . Since
xAy=0 , we have yaAx=xAy=0 and yvx=xvy=»5b . From
this, it follows that y<yvx=5b . Put z=avy . Then a<z<b
and xAz=xA(avy)=(xra)v(xay)=av0=aand
xvz=xvavy

=xvyva (since yva=avy)

=bva
=b
Thus [a,b] is a complemented lattice.




Aye * x“vy-xva-a

ﬂ ua recall that a topological space X jg said .
dorffspace if, for any x#ye X | there ex:stsopen

md H and GNH =¢ . Also, a topological space XY is w
a 7, -space if, for any x# ye X , there exist open sets (G
H in X suchthat xeG—-H and yeH -G . It is known
X is a 7, -space if and only if any singleton subset of X' .
closed (equivalently, any finite subset of X s closed)

Theorem 3.11.The following are e
any non-trivial ADL.

(1) specAis a Housdorff space.
(2) specAis a T -space.
i (3) Every prime ideal of A is maximal

(4) Every prime filter of A is maximal.
(5) A is relatively complemented.

quivalent to eqch other for

Proof: (l) ::>(2): is trivial

(2)=(03) :
Let P be a prime ideal of 4 . Then P especA . By (2),
{P} is closed. By theorem 3.4,

h(K({P})) { } {P} But K{P} P only.Therefore 4(P) {PJ




Let x anda€d such that x<g.If x=0 (then we can take
y=a)or XxX=a, we are through. Therefore, we can assume
that 0O<x<a . Consider the annihilator ideal
(x) ={J’C—.A:x/\y=0} . We know that (x)‘-is an ideal of A4 .

Now, we prove that g c'—.(x)‘ v (x] < P.Then, by theorem 2.6,

there exists a prime ideal P of 4 such that (x). v (x] < Pand

aeg P . We have x & <x] P . Since P is a minimal prime ideal
and x € P, we should get, by theorem 2.7, that (x)* & P . This
is a contradiction, since (x)* g(x). v(x]gP . Therefore,

ae(x)* v(x] and hence a=yv(xAz)for some ye (x)' and

zeA.

Now, we have yS}-'v(x/\z)=a and xA y=0 (since ye(x)’

).

Also, xvy=yvx (sincexAny=0=yax)

=yVXV(X/\Z)

=yvxvyv(xaz) (sinceyvx=yvxvy)
=yvxva
=a (since x<a and y<a)

Thus A4 is relatively complemented.
(5) =>(1):




. A | _‘,_‘_ / ""\'L:-F-',‘ .
s e e ] a A B ' . 'O
~ - T # ., - . :
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e existx e Asuch

~ =xeP (sinceanx=0ep and g ¢
=avxeQ (since aeQ andxePQQ) |
=avbeQ |
=b=(avb)rbeQ
Thi h;ﬂies thatQ =4, which is a contr
that any prime ideal must be a proper ide
similarly Q& P. This implies that any pri

Therefore every prime ideal is a minimal prime ideg]. N“'F,
choose x € Psuch that xeQ.

P)

adiction tq the ¢,
al. Thus P(IQ
me ideal is gy .

- Then, by theorem?2.7, (x)* Z P, there exists y e
& BRE N, Pe X, ,Oc X, and X, nX, =X,

| | annde are open sets in X =
Hausdorffspace.

In the next theorem, we arrive at a necessary and sufficient
condition in terms of to

pological properties of specA, for an
ADLA to be pPseudo-complemented.

Theorem 3.12./¢t 4 be an ADL

pseudo-complemented if ang only if the interior of the
complement of X, is compact in X for all ae A and, in this

case, X . -—---(X——Xl‘,)o Jorall aeq .

and X =specA. Then A is

Proof.Suppose that A4 is pseudo-

complemented and * is 2
Pseudo-complementation on A,




=a -E.P | | N

-:=;:>PeXa. .
Therefore (X —X,)" =X . which is compact(by theorem3.5) .
Conversely suppose that (X —X,)" is compact in X for all
a€ A4 . Again by theorem3.5, (X - X, ) =X . forsome a" €4 .

That is, for each a€ A4 , we can choose a €4 such that
(X—-X,) =X_. Note that a" need not be unique. We can use

the axiom of choice for choosing are a” for each a€ A . Now,
X.cX—-X, and hence ¢=X .1 X, =X .

Therefore a" Aa=0 . Also, for any be 4 ,

anb=0 = X,NX, =¢

= X,cX—-X,

= X,c(X-X,) (- X,isopen)
= ngXa.

= X.,=X.NX,=X,

= a Ab~b (by 3.2(5))

= a'Ab=(a' /\b)/\b =b.
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